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Don’t just read the solutions. Attempt
every problem yourself before checking

PRIORITIZE THE HIGH-IMPACT TOPICS

Review of functions

RECOMMENDED STUDY STRATEGY

g - ® - MA-P-C

DON’T TRY TO MEMORIZE EVERYTHING

The goal is not to become a math genius
overnight. Focus on understanding the
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SECTION 1

REVIEW OF
FUNCTIONS

Strengthen your foundation by

mastering the core concepts
of functions.




(7]) INPUT & OUTPUT :

© auestion

For the given function,

find the following values:

flz) =2*+3z+5

TIP:

Substitute the value for

the variable and simplify!

DIFFICULTY: @ Easy Q# 1.1

® soLution

0 72
f(2) = (2)°+3(2)+5
=4464+5

- (1]
O 76

f(6) = (5)* +3(5) +5
=25+ 15+5
-
O /-3
f(-3)= (-3)*+3(-3)+5

=9-9+5

= T

FINAL ANSWER:

[ A 18 B.45, €.8 ]
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FUNCTION OR NOT

© cuestion

Determine whether the relation
represents y as a function of x.

Justify your answer.

A. {(-2,4), (-1,0), (1, 3),
(2: _1): (3: 5)}

oy

{(_274)a (_1>2)s (—1,—3),
(0,1), (2,2)}

g0 TIP
Q A relation represents ¥ as a function
of z if every z-value is paired with
exactly one y-value.

Use the vertical line test for graphs
or check repeated z-values in lists
of ordered pairs.

DIFFICULTY: Medium Q# 1.2

& soLution

o Function

All z-values are different, so each x is paired

with exactly one y-value.

{ Answer: Function

9 Not a function

The x -value —1 is paired with two different

y-values (2 and —3).

‘ Answer: Not a function

G Function

This is a quadratic equation. For every z,

there is exactly one y.

[ Answer: Function ]

o Not a function

This is a circle. For many x -values (e.g., z = 0),

there are two y-values (y = 3and y = —3).

l Answer: Not a function

FINAL ANSWER:

A. Function, B. Not a function,

C'. Function, D. Not a function
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DOMAIN AND RANGE

© cuestion

For each function, determine the domain
and range. Express your answers in

interval notation.

o f(x) =3z —2

TIP:

- Linear functions: domain and range

are all real numbers.

- Rational functions: exclude values

that make the denominator zero.

- Square root functions: require the

expression inside the root to be > 0.

Q #: 1,3

DIFFICULTY: @ Easy

& sowution

O r)=3:-2

* Linear function — no restrictions on x or y.

* Domain and range are all real numbers.

[Domain: (—o0, 00) ‘

{Range: (—oc0, o) l

(B g($)=$il

* Denominator cannot be zero: @ — 1 # 0 = =z # 1.

* The function can never equal 0, so y # 0.

‘ Domain: (—oc, 1) U (1, o0) ’

{ Range: (—o0, 0) U (0, o0) l

O ro)=vz+1

» Expression inside the square root must be = 0:
z+4>20= x> —4.

* Square root outputs are always > 0.

Domain: |—4, 00) ’

(Range: [0, o) ’

FINAL ANSWER:

A. Domain: (—o0, ), Range: (—oc, )

B. Domain: (—co,1)U(1,00), Range: (—oo,0)U (0, c0)

C. Domain: [—4,c0), Range: [0, c0)




DOMAIN AND RANGE

o QUESTION

For each function, determine the domain

and range.

Express your answers in interval notation.

o f(m)_::cg—l—?)x—cl

m_

1

@ »=vi-

o + 6

DIFFICULTY: Medium a# 1.4
& soLution
.2 p— =
o flz) = ?+3z—4  (z+4)(=z-1)
x—1 z—1
= gapd, p£i

e Denominator cannotbezero: 2 —1# 0 = z # 1.

Domain: (—o0,1) U (1, c0) J

Range: (—o0,5)U (5, 00) ’

0 g(:z:)=\/:1:2—53:+6

Require z? — 5x + 6 > 0.

Factor: (z — 2)(z —3) > 0.

Solution: £ <2 or = > 3.

Square root outputs are always > 0.

[ Domain: (—00, 2] U [3, c0) )

{ Range: [0, o0) ]

FINAL ANSWER:

A. Domain: (—oc0,1)U (1, ),

B. Domain: (—00,2]U (3,00),

Range: (—oc, 5) U (5, 00)

Range: [0, 00)




COMPOSITE FUNCTIONS - I

© cutstion & soLution
Given the functions Q (fog)(x)
f(z) =4z —3 and g(z) = 2> —2 (fog)(@) = flg(z))
find the following. - f(gg2 —2)
= 4(z*-2) -3
QO (fo9@
= 422 -8-3

@ v-nw@ @ N
(90 f)(@) = 9(f(2))
= g(4z - 3)
= (4z-3)2 -2

= 162> —24x+9—2

= 16z22 —24x+ 7

= 162> — 24z + 7




COMPOSITE FUNCTIONS

© cuestion

Given the functions

2z +3
f@%—w_l
g(z) = vz +5

Find:

DO o9 )

Determine the domain of the

composite function.

DIFFICULTY: Medium o#: 1.6
& soLution
O o9
flg(z)) = f(Vz+5)
=ZVm+5+3
vVe+5-1

Domain restrictions:
0 From the square root:

z+52>0

x> -5

€» From the denominator:
VZ+5—-1+#0
Vz+5 #1
z+5 #1
r # —4

Composite Function:

2vVx+5+3
vr+5-1

Domain: [—5, —4) U (—4, o)

LY S

(fog)(z) =

FINAL ANSWER:

-~

_ 2z 4+543
vr+b—-1

Domain: [-5,—4) U (—4,00)

A. (fog)(x)




(] VERTICAL ASYMPTOTES

DIFFICULTY: @ Easy a%x Yo
€@ cuEesTions & soLuTtions
222 -3z + 1
Find all vertical asymptotes of each e flz) = -sz _Z::

rational function.

Q flw) = 202 -3z + 1

2 — 4 2. Set each factor equal to zero:

1. Factor the denominator:

2’ — 4z = z(x — 4)

=10 or z—4=0
x =10 or =4

3. Check that the numerator is nonzero

at these values.
f(0) = 2((]}2 -30)+1=1#0
f(4) = 2(4)2 -34)+1=25#0

FINAL ANSWER:

r? + 2x — 3 [3:=Uandzc=4J
9 g(z) =

24+ -6
9 (2) 2 420 =3
r) = ————
9 > +x -6

1. Factor the denominator:

?+z-6=(z+3)(z-2)

AL ~ 2. Set each factor equal to zero:
@ TIP z$3=0 o z-2=0
Vertical asymptotes occur where the = 50 or z=2
denominator is zero and the numerator 3. Check that the numerator is nonzero
is nonzero. at these values.
J— — 2 —_— = f— — — -_
Q Factor the denominator completely. g(=3) = [=3)" 4 Y(=3) =3=9=6=3=0
2) =(2)+2(2)-3=4+4-3=5#0
e Set each factor equal to zero and 9(2) (2) (2) 7
check that the numerator is not zero FINAL ANSWER:
at those values. [ =9 ]
\e ® ol




HORIZONTAL ASYMPTOTES -

© auesTions

Find the horizontal asymptote of each

rational function.

352 95— 1
2 -4z + 5

O (e -=

e (2) 522 — Tx + 8
T =
4 2 — 3

2z + 1
422 -2+ 6

\l/

Q TIP
To find the horizontal asymptote of

_ pl=),
f(x) v q(a,)

o If deg p(z) = deg ¢q(z):
Horizontal asymptote is

leading coefficient of p

leading coefficient of ¢

o If deg p(z) < deg q(z):

Horizontal asymptote is y = 0

o If deg p(z) > deg ¢(z):

There is no horizontal asymptote.

10

DIFFICULTY: @) Medium

a# 1.8

& soLutions

0.2 =it
0 flo) = 3z 4+ 2xr -1

22— 4z + 5

o deg(3z® + 2z —1) = 2 and deg(z® —4z +5) = 2

(Degrees are equal.)
* Horizontal asymptote is the ratio of the leading

coefficients: y = % =3

FINAL ANSWER:

)

e (x) 522 — Tz + 8
:I: —
4 2r — 3

e deg(5z® — Tz +8) = 2 and deg(2z —3) = 1

(Degree of numerator is greater.)

e Since deg p(z) > deg ¢(x), there is no

horizontal asymptote.

FINAL ANSWER:

[ No horizontal asymptotej

@ re -

e deg(2z + 1) = 1 and deg(4ax® — x + 6) = 2

(Degree of numerator is less.)

2z + 1
42° = x + 6

e Horizontal asymptote is y = 0.

=0 }

FINAL ANSWER:




© auestions

Find the oblique asymptote of the

rational function. Show all work.

\Il

% TIP
If the degree of the numerator is
exactly one more than the degree

of the denominator, the function

has an oblique (slant) asymptote.

To find it:

o Perform polynomial long division:
divide the numerator by the

denominator.

9 The quotient (without remainder)

is the equation of the oblique

asymptote.

DIFFICULTY: Medium

& soLution

Q#:

1.9

Since the degree of the numerator (2) is one more

than the degree of the denominator (1), the function

has an oblique asymptote.

1. Perform polynomial long division:

3z + 5
:1:—2) 322 —z +2
—(3z* — 6z)
oF + 2
—(bx — 10)

12

2. The quotient is 3z + 5.

3. Therefore, the oblique asymptote is:

FINAL ANSWER:

=




SOLVING TRIG EQUATIONS g T

© cuesTion & soLution
Solve for z in the interval 0° < z < 360°. The reference angle for sin x = —3 is 60°
V3

since sin 60° = —.
. V3 2
SInxr = —2'—

Sine is positive in Quadrants | and II.

1. Quadrant I:
r = 60°
2. Quadrant Il:

x = 180° — 60° = 120°

Therefore, the solutions in 0° < 2z < 360° are:

) - ]

Tosolvesinz = k in0° < 2 < 360°:

FINAL ANSWER:

[ # = 60°, 120° ]
@ Find the reference angle 4
such that sin § = k.

e Since sine is positive in
Quadrants | and |l, the solutions
arex = # and x = 180° — 6.

12




SOLVING TRIG EQUATIONS S R

© cuesTiON & soLuTion
Solve for z in the interval 0° < z < 360°. 1. lIsolate cosine:
2cosz—1=0
2cosz—1=0
2cosx =
1
oS = =
2

2. Find the reference angle:

cost?:% = @ = 60°

3. Determine the solutions in 0° < x < 360°.

A1 -

'@‘ R Cosine is positive in Quadrants | and IV.
TIP

Tosolveacosz + b = 0: ¢ ‘Quadrantl: @ =8 =60

e Quadrant IV: z = 360° — 0 = 360° — 60° = 300°
o Isolate cosine: cosz = — %

e Find the reference angle € such
b

FINAL ANSWER:
that cos @ =

[ ¢ = 60°,300° ]

€© Since cosine is positive in

Quadrants | and IV, the solutions
arexz =60 and z = 360° — 4.
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DIFFICULTY: @ Easy a# 1.12

M GRAPHING EXPONENTIAL FUNCTIONS

© cuestion & soLution
Graph the exponential function. Choose five values for z and evaluate y = 3e”.
Show all work. Tchart:
y — 36“" £ Y = 3€$ (:I:s y)
iyt
-2 | 3¢7? = -5 ~0.406 | (-2,0.406)
Lo o
—1 | 3e7!==~1104 | (-1,1.104)
€
0 3¢ =3 (0, 3)
1 3e! = 3e ~ 8.154 (1,8.154)
2 3e? = 3¢? ~ 22,167 | (2,22.167)

Graph: y
25 4
(2, 22.167)
20 +
by ! Fa
W y
TIP 15 1
To graph an exponential function y = ae”:
10 T
o Choose several z-values. (1, 8.154)
Evaluate y = ae”.
5 4
e Plot the points and draw a (=1, 1.104) 0,3
smooth increasing curve. (-2, 0.406) i
} } } =
Ss 0 N N 1 2 3
vy |

14




SIMPLE LOGARITHMS S s

© cuestion & soLution
Solve for z in each equation. o log, z = 3
T
0 logy z = 3 * Rewrite in exponential form: z = 23
] Ll — 8

FINAL ANSWER:

(o)
O 105:-2) =2 O g -2 =2

¢ Rewrite in exponential form: 2 — 2 = 52
e £—-2=25
e =27

FINAL ANSWER:

[ z=27 |

e logs (22 + 1) = 4 e logs (22 + 1) =4
<P * Rewrite in exponential form: 2z + 1 = 3¢
= N
TIP ¢ 2¢+4+1=81
To solve log, A = k (where b > 0, * 2z=280
b # 1): s =40
Rewrite in exponential form: FINAL ANSWER:
A = bk and solve for z.

15




SIMPLE LOGARITHMS f orcun @ wean | v 1.14

© cuesTion & soLuTion

Solve for z in each equation. o 10g3 (23: - 1) =B

o logs (2:{: i 1) = 5 e Rewrite in exponential form: 2z — 1 = 3°
e 2¢r—1= 243
e 2r = 244
e g =122

FINAL ANSWER:

[ x = 122 ]

e logy (2> =2z +1) =3

e logy (z> =2z + 1) =3
e Rewrite in exponential form: z? — 2z + 1 = 43
e z°-2x+1=64

o (z—-1)° =64

e z—1=48

=9 0or xd=-7

FINAL ANSWER:

[ngorﬂ::—'?]

G logs (3z + 4) = logs (2% — 7) G logs (3z + 4) = logs (22 — 7)
¢ Since the bases are the same, set the arguments equal:

3z +4=22-17

\l/

—@— R e 2 -3x—-11=0
TP 3+ /53
To solve logy, A = k (where b > 0, " LS 9
b # 1) FINAL ANSWER:
Rewrite in exponential form:
b 3+ /53
A = b* and solve for z. § e s
Nt J 2

16




SOLVING LOGARITHMIC EQUATIONS

© ouestion

Solve for z in each equation.

O 105, (0) +10g, (@ -3) =3

9 log, (z +2) —log, (z—1) =1

e 2log; (z + 1) + log; 3 = 4

& Tip g

Useful logarithmic properties:

log, (zy) = log, (z) + log, (y)

log, (%) = log, (z) ~ log, (v)

log, (z") = rlog, (z)

DIFFICULTY:

& sovLution

Medium Q #:

1.15

A

17

logs (z) +log, (x —3) =3
o logy[z(z —3)] =3

o z(xr-3) =23

e z2-3z-8=0

3+ V41
2

FINAL ANSWER:

T =

log, (x +2) —log, (z—-1) =1

r+42
] £ e )=
084 (a:—l)

z+ 2
Tz —1
e z+2=4(x-1)
¢ x+2=4x -4

e 6 =3z

=dl =4

o =2

FINALANSWER: | £ = 2

2logs (x + 1) +logs 3 =4

e logs [(z + 1)%] + logs 3 = 4
e logs [3(z +1)%] =4

e 3(z+1)% =51
625

3
25v/3

L] $=_'1i'_-_"

3
FINAL ANSWER:

e (z+1)?2=
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SECTION 2

IMIT

Strengthen your foundation by

mastering the core concepts

of limits.




lim " FINDING LIMITS USING A TABLE Sy i R

r—ra

© ouesTion

Use the table of values for the function f(x)

to find lim f(z).
T—2

20 e

1.5 3 1

1.8 % Ny

1.9 3.9

1.99 3.99
2.01 4.01

2.1 4.1

2 4.3

s 2.5 4.7

What is the value of lim f(x)?

T—2

® soLuTioN

To find lim f(z), look at the values of f(z) as z
z—2

gets closer to 2 from both the left and the right.

From the left (z < 2):

As x gets closer to 2, f(x) gets closer to 4.

(3.1, 3.7, 3.9, 3.99 — 4)

From the right (z > 2):

As z gets closer to 2, f(x) gets closer to 4.

(4.01, 4.1, 4.3, 4.7 — 4)

Since the values approach 4 from both sides,

lim f(z) =4.

T—2

FINAL ANSWER:

{ lim f(z) = 4 ]

18




lim" FINDING LIMITS FROM GRAPH s

r—a

Medium Q #: 2.2

© auesTion ® soLuTioN

Use the graph of f(z) to find the following limits. a) lim f(z)

T2~

As z approaches 2 from the left, f(z)

1y approaches 2.
41 t lim f(z) = 2 ]
3
b) lim f(x)

As = approaches 2 from the right, f(z)
approaches 1.

c) lim f(z)

r—2

The left-hand limit is 2 and the right-hand

limit is 1. Since they are not equal, the

Fo two-sided limit does not exist.
{ lim f(z) does not exist ’
T—2

i

a) lim fi%) d) lim_ f(z)
T—r—
. As © approaches —1 from the left, f(z)
b) J_‘_-gh f(z) approaches 2.
lim f(z) =2 }

c) lim f(z) s

=2

e) lim f(z)
z——17%

d) lim f(z) As x approaches —1 from the right, f(z)

eSr=l approaches 2.
e) lim f(z) { lim | f(a) =2 |

z——1+

f) lim f(z)

1 z——1

ﬂ zl)n_ll f(z) Both one-sided limits are 2, so the two-sided

limit exists and equals 2.

|y 16 =2 ]

19




lim) SIMPLE LIMITS

Tr—ra

© cucesTion

DIFFICULTY: @ Easy

& soLuTion

a# 2.3

Evaluate the following limits.

a) lim (2z + 5)

b) lim (2® -4z + 1)

r——2

¢) lim
z=1 r —1

a) lim (2z + 5)

T—3

Direct substitution:

= 2(3) + 5

b) lim (2% — 4z +1)

r——2

Direct substitution:

= (—2)% — 4(-2) + 1

=4+8+1
=13

c) lim ot
z—=1 r—1

12 =i 0
1-1 0
Factor the numerator:
s 1
= lim M(I + U
xz=1 r—T
= lim (z + 1)
r—1
=1+1
= 2

20

Direct substitution gives an indeterminate form:




lim" SIMPLE LIMITS

r—a

© uesTion

Evaluate the following limits.

b) lim vet+3-2

r—1 T —1

2 [+
) z“+ 5x + 6
g lim, & E00HE
z—-2 £° + 3x + 2

DIFFICULTY:

& soLuTion

Medium Q #:

2.4

=19
a) lim z
r—=3 g -3

Factor the numerator:

I (z—3)(z + 3)
— 1m

x—3 3

= lim (z + 3)

=3

=3+3
FINAL ANSWER

; ve+3-2
b) lim Y
z—1 =1
Rationalize the numerator:

e F3=2 eci'd$2

= lim

z—+1 -1 .\/;c+3+2
. z+3—-4

= lim —
z=1 (z = 1)(vVz + 3 + 2)

= lim

=1 (2—T)(Vz + 3 + 2)

1
= lim —
=1 x4+ 3+ 2
1

\/1+_3+‘2
1

2+ 2

1
FINAL ANSWER

2 E
: “ + bz + 6
c) lim -
g=-2 ° 4+ 3z + 2
Factor numerator and denominator:
’ (z4+2J(z + 3)
= lim ——
oy (2B + 1)
p z+ 3
= lim
z—+-2 1+ 1
-2+ 3

-241
1

=
FINAL ANSWER

21




lim  HARDER LIMITS

r—>a

© cuesTion

DIFFICULTY: @ Hard ao#: 2.5

& soLution

Evaluate the following limit.

 JFEL-
a) lim

0 e* —1

@ TIP

If you have a difference of
square roots in the numerator,
multiply by the conjugate:

vA + VB
vA + VB

This removes the radicals
in the numerator.

VA - VB

Direct substitution gives an indeterminate form:

' ver+1— 2 ved +1— /2 V2 — V2 0
im = — = =
z—0 e® — 1 e? — 1 1-1 0

so rationalize.

Rationalize the numerator by multiplying by the conjugate v/e* + 1 4 v/2:

VEFI-VE VETI+V
Ver +1+ V2
(Ve+1) - (V)

=0 (e8 —1)(Ver +1+ v2)

A e+1-2
= lim

a0 (€2 — 1)(vVe® + 1 + v2)

lim
0 e — 1

) et — 1
= lim

z=0 (e* — 1)(Ve* + 1 + V2)

Cancel the common factor e* — 1:

= lim !

20 e* + 1 + V2

Now substitute = = 0:
1
Vel +1+ 2
1

VI+1+v2
1

T R
1

2v/2

FINAL ANSWER

1
2v/2

22




Iim INFINITE LIMITS DIFFICULTY: ¢ Medium Q# 2.6

r—a

© ouestion & soLution

Evaluate the following limits. a) lim

y Asz =+ 27, (2—z) = 0t
a) lim

2 (2 A x)z Since (2 — z)? — 0% and the numerator is 1 (> 0),
the limit is +o0.
1 lim : 3+
—_— = 00
b) lim = z—2- (2 — 32)2
z—=0" I
3 1
b) lim -=
z—=0" I
¢) lim =P Asz =+ 0",z —0".
z5-3" T +3 Since the numerator is 1 (> 0),
the limit is —co.
[ lim = = —o ]
z—0" I
: -5
c) lim

z—=-3- £+ 3

Asz = =37, (z+3) = 0".
/‘@ TIP Y The numerator is =5 (< 0),
so (negative)/(negative small) = +oo.

If a denominator approaches [ lim S0 = 400 ]

0 and the numerator approaches z—=-3" = +3

a nonzero number: FINAL ANSWERS
- ] 2
itive si a im —— = +4o0
e From the positive side = +o0 ) T E
: . - 1
e From the negative side = —oc b) lim - = -
z=0- T
\. J ; -5
c) lim = 400
z—+—3- T+ 3
A s

23




lim\ INFINITE LIMITS

r—a

© QuesTiON

Consider the function

Evaluate the following limits.

a) lim f(z)

c—2t

b) lim f(z)

r—2"

c) lim f(z)

r—2

DIFFICULTY: Medium Q#: 2.7
& soLuTioN
a) lim 2

z—2t (:r, - 2)2

As z = 2%, (z — 2)2 - 0.
Since the numerator is 3 (> 0),

the limit is +oo0.

: >
lim = <400
[ z—27 (_7; = 2)2 J

: 3
b) a:linzl— (z — 2)2

Asz — 2-, (z — 2)? = 0F.
Since the numerator is 3 (> 0),

the limit is +oo0.

. 3
1 = +
[ :r:i:«n;' ($ — 2)2 < ]

EF. e (@ —2)

Both one-sided limits are +o0,

so the two-sided limit is +oo0.

) 3
1 =
( e (z — 2)2 i J

FINAL ANSWERS

' ™

a) lirgl+ f(z) = +oo

b) lim f(zx) = +o0

T2

c) lim f(z) = +oo

z—2

\ vy

24




lim ) LIMITS AT INFINITY SR iy

—rCO

© auesTion

Evaluate the following limit.

; Tx? — 6z + 4
lim
z—o00o 22 +x—3

@ TIP

For limits of rational functions as

r — o0

e If the degrees are equal, the limit
is the ratio of the leading

coefficients.

ar 2.8

& soLuTionN

Factor out the highest degree term from the numerator
and denominator.

2
B $(7
Mgy WIS
g0 222+ 1 —3 g0 2 (g9 4

Bl=[8x

FINAL ANSWER

: To? = 6x 4 4 7
lim e

r—o00 222 4+2x—3 2
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lim ), LIMITS AT INFINITY

L —00

© auesTion

Evaluate the following limit.

: 4z + 3z -1
lim

222 + 5

Ir—00

9 TIP

For limits of rational functions as

I — o0l

e If the degrees are equal, the limit
is the ratio of the leading

coefficients.

DIFFICULTY: @ Easy

& soLution

av: 2,9

Factor out the highest degree term from the numerator

and denominator.

U e .
y =R A x(‘” =
lim - — lim :
T — 00 2z 4+ 5 T — 00 22 (2+ =5
PR P
— lim z z
T —00 2 4 i
>4
As £ — 00, E—}O, iz—ﬂ), i?—ﬂ].
xr " I
g —-44+0-0
— lim
T —CO 2+[]
i 4
ST
= =2
—Ar2 =
lim 4z + 3z — 1 S
T —00 2:1:2—1-5
FINAL ANSWER
3 —4z2 + 3z —1
lim = = =2
T —00 2¢2 + 5

26




lim" LIMITS AT INFINITY DIFFICULTY: @ Medium ot 2.10

I —r 00

© QuesTiON & soLuTioN

Evaluate the following limit. Both the numerator and denominator have degree 3,
so use the ratio of the leading coefficients.

I 423 — Tx? + 6z — 8 fin 423 — Tx® + 6z — 8
1m 3
T — 00 22 — 5z + 3 T—00 2z° — bz + 3
Yl e & o B &
I 2:(4 m+x2 :r:3)
= 11m
5 3
7 6 8
= lim 4_;—'—;_;3_
" 5 3
6 8 5 3
As T = o0, —>0,m—2—>0,é—3—>0,$_2_>01;§_>0
44+04+0-0

@ TIP k
4z — Tz + 62— 8

For limits of rational functions as lim - =2
T—00 2z° —bx + 3

T — 00:

e If the degrees are equal, the limit

is the ratio of the leading FINAL ANSWER

coefficients.

: 4z — 722 + 62 — 8
q J lim =
T — 00 223 — 5x + 3
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lim\ LIMITS AT INFINITY

r—00

© auesTion

Evaluate the following limit.

: 8 +x — 4a?
lim

25-00 /6 4 z? 4 Tzt

DIFFICULTY: @ Hard ‘ o# 2.11

& soLution

, 8 +x — 4z2
lim

2= /6 4 22 4 T4

04+0-4

g+—-0c0 V0+04+7

; 8 + ¢ — 4z2 —4
lim -
T—=—00 \/6+$2+7$4 \/?

FINAL ANSWER

. 8 + x — 4z2 =4
lim =
T ——0C0 \/6+9:2+721?4 ﬁ
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lim: CONTINUITY

r—a

© QUESTION

Find all points of discontinuity.

O Tr

least one of the following is true:

1. f(a) is not defined.

2. lim f(z) does not exist.
T—3a

3. lim f(@) # (o).

A function is discontinuous at a point a if at

' y A
7 4
6+
} -y
3 4
-2+
_3 ¥
J
N

DIFFICULTY:

® soLuTION

Medium

Q#:

2.12

Check each critical number and endpoint.

® I = —4
lim f(z)=3
-4
lim f(z)=-2
z——4%
f(-4)=3
¢« =2
lim f(z)=-1
=27
lim f(z)=5
z—2t
Since lim f(z) # lim f(z),
-2 22

the limit does not exist.

e r =4
lini J@)="=2

f(4) is not defined

FINAL ANSWER

Limit does not exist.

Discontinuous at z = —4.

Limit does not exist.

Ciscontinuous at z = 2.

f(4) is not defined.

Discontinuous at z = 4.

Therefore, the points of discontinuity are
r = —4, 2, 4.

29



1C1

SECTION 3

DERIVATIVES

Strengthen your foundation by

mastering the core concepts
of derivatives.




) DEFINITION OF THE DERIVATIVE YRR P

dz
© QuEsTION & SsoLUTION
Using the definition of the derivative, Using the definition of the derivative,

find the derivative of the function f(z) = z°.
: flz+h) - f(z)

] =T
f'(z) him h
. (z+h)* =22
= lim
h—0 h

. (2% + 2zh + h?) — 22
= lim
h—0 h

. 2sh &+ kA
= lim —m——
h—0 h

. h(2z + h)
= lim ——=
h=0 h

= lim (2z + h)

h—=0

=2z + lim h

h—0

=2z +0

.
O Tr s

The derivative of a function f(z) at a point =

is defined by: FINAL ANSWER

en v F@+h)— fz)
PHE)= bt h Therefore, f'(z) = 2z.

30




dzr

© QuEsTION

4 ...,y DEFINITION OF THE DERIVATIVE

Q#:

3.2

DIFFICULTY: Medium

® SOLUTION

Using the definition of the derivative,

find the derivative of the function f(z) = 3z® — 2z + 1.

® Tr

The derivative of a function f(z) at a point =
is defined by:

f'(z) = lim

h—0

f(z +h) - f(z)
h

31

Using the definition of the derivative,

fi(z) = lim

f(z +h) - f(z)

h—0 h

= lim

3(z + h)® = 2(z + h)+1] - (32® - 22+ 1)

h—0 h

= lim
h—=0

= lim
h—0

= lim
h=0

= lim
h—0

= lim

h=—+0
= 9x?
= 922

= 9:1}2

FINAL A

3(z® + 32%h 4 3ch? + k%) - 22-2h +1- 323 + 22 - 1

h

3 +92°h +9zh® + 3R - 22 -2 +1-323 + 22 - 1
h

922h + 9zh? + 3h% — 2h
h

k(92?4 9zh + 3h* — 2)
Vs

(922 + 9zh + 3h% — 2)

+9z lim h+ 3 lim A% -2
h—0 h—0

+ 92 (0) + 3(0) — 2

-2

NSWER

Therefore, f'(z) = 92% — 2.




d . DEFINITION OF THE DERIVATIVE |y B

dx

© QuUESTION & SOLUTION

Using the definition of the derivative,

f(@+h) - f(=z)

Using the definition of the derivative,

find the derivative of the function fi(x) = }f_’f}, B
Vet h Vz
f(a:) = \/E = lim z¥h-1_ -1
T — 1 3 h=0 h
i (z=1)vz+h—(z+h-1)yz
" he0 h(z +h - 1)(x - 1)
P (z-1)vVz+h—-(x—-1+h)Vvz
= Ao hz+h—-1)(z-1)
_ g E-DWzt+h - V) - bV
"~ h=0 h(z+h =1)(z —1)
Vz+h -z 3 vz

= I
ns0 hz+h—-1) o0 @+h-1)(z-1)

 EER-E

h—0 h(ﬂ? +h— 1} (x — 1)2
 (EFR-VE)(/EFR4VE) G
h=0 h(z+h-1)(Vz+h++z) (z-1)°

=i z+h-—z NE
T a0 Me+th-L)(VzFh+vE) (@-1)
= lim L - i
h—0 h(z+h—=1)(Vz+h+Vx) (z-1)>
= lim : - L
=0 (z+h -1 (Vz+h++vz) (z-1)°2
e vz
S @-DEVE) (-1
e, deged
p \ T Wa(z-1) (z-1)
_ (z=1) -2z
O mr E -
The derivative of a function f(z) at a point = = _"“"7_12
is defined by: “Fle S0
FINAL ANSWER
oy _ v fE ) - f(2) -
f (:I:) o }lll_rf(l) h . -z -1
) ) Therefore, f'(z) = W AT
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DERIVATIVE RULES OFFiCUTY: @ By | Q¥ 3.4

© QUESTION & SOLUTION

(@) f(z) = 3z° + 42% — 5z + 2

Find the derivative of each function.
fi(E) = d (31: + 42 — 5z +2)

(@) f(z) = 3z° + 42® — 5z + 2
: =.3di( N4t (@) 52 @)+ Ly

= 3(3z2 )-|-4(2:1;)—5( )+ 0
=922 +8z-5

FINAL ANSWER: | f'(z) = 922 + 8z — 5

(b) g(z) = 22> -7z +3 (b) g(z) =222 -7z +3

g(z) = da: (222 — 7z + 3)

d d d
=2—(z )—75( )+ 5-(3)

= 2(22) = 7(1) + 0
= 4 -7

FINAL ANSWER: | ¢'(z) =4z -7

(€ h(z)=2*-42°+2-6

(¢) h(z) =2 -42* +2 -6

Moy . @ 23  4p &,
h[a:)—a(:s dz° + = — 6)
Q f d d d d
= N p BN e e e Adns — e
@ TIP T dz (m ) 4d3: {T )+ dx (:B) dx (6}
Power Rule: = 322 - 4(2:}:) +1-0
If f(z) = ", where n is a real number,
then =322 -8z +1
d ! 2
' = E—— L FINAL ANSWER: h'(z) = 3z° — 8z + 1
Fle) = < (") = na",

33




DERIVATIVE RULES

© QuEesTion

Find the derivative of each function.

(@) f(z) = 3z1 - 2% 4+ VT

I\DO‘
=

(b) h(z) = 722 - 427" + 62¢

DIFFICULTY: Medium Q# 3.5

® soLuTion

(@ f(z) = 337 = 25=% 4 Jz
= 3:1;% =200 & 3:%

MO Y N QIO
P = L (sah) + L (-2t + L ah)
_é PR WS
3 g A, +2:t:2
=2z7% 4 6z~ °

KQ TIP

Power Rule:

then

d
fi(z) = £(m") =nst=,

If f(z) = z", where n is a real number,

(b) h(z) =Tz -4z ' + 6$%

d 5 d 3
! =y 2 R 2
Ko = 4z (1af) + 42 (-4e7) + 17 (o)
7(3e1) + Cornet 6 (o7t
— — — _|_6 = 4
2 4
35 3 i3 1S =4
==gd & a9 b =2 8
2 4
LI D g
= 253 + 4z + 2

34




W) PRODUCT RULE

© QUESTION

Use the product rule to find the derivative of each
function.

(a) y = (22% + 3z)(z - 4)

(b) y=(z°-1)(z* + 2z)

TIP

Product Rule:
If y = f(x)g(z), then

3 felalt) = @)+ Flo)ale)

dz

J

35

DIFFICULTY: @ Easy o# 3.6
& soOLUTION
(a) y= (22 + 3z)(x - 4)
Let f(z) = 22% + 3z, g(z)=2-4
fliz) =4z +3, g'(z)=1

= 1(@)ola) = ) (@) + 1 @)ale)
= (222 + 32)(1) + (4z + 3)(z - 4)
= 2z% + 3z + 42? - 162 + 3z - 12

= 62% — 10z — 12

dy

FINAL ANSWER:
dx

= 62% — 10z — 12

b) y=(z* - 1)(z?® + 22)
let f(z) =2 -1, g(z)=2*+22

fl(z) = 32%, g'(z) = 2z + 2

< Fa)o(@) = 1)) +  ()ola)

(z® - 1)(22 + 2) + (322)(2? + 2z)

= 2% + 22° - 22 - 2 + 3z* + 62°

= 5z% + 823 — 22 -2

dy

= 5z + 8z° — 22 — 2
dx

FINAL ANSWER:




) PRODUCT RULE

© QUESTION

Use the product rule to find the derivative of
each function.

(@) y = e*sin(x)

(b) y = In(z)cos(z)

e ™

TIP

Product Rule:
If y = f(z)g(x), then

L f(@)ola) = f)g'(@) + [ @)g(x)
A

\ Y

36

3.7

DIFFICULTY: Medium Q #:

& soLuTION

(a)

y = €’ sin(z)

Let f(z) =€®, g(x) = sin(z)

fllx) =€,  g'(z) = cos(x)

d

af(g:)g(x) = f(z)g'(z) + f'(z)g(x)

= e"cos(z) + €”sin(x)

= e”(cos(z) + sin(z))

dy

FINAL ANSWER:
dx

= €*(cos(z) + sin(z))

(b) y = In(x)cos(z)
Let f(z) = In(z),
f'(x) g'(z)

g(z) = cos(z)

1
-, —sin(x)
I

d._(i f(@)g(z) = f(x)g'(z) + f(x)g(z)

= In(z)(—sin(z)) + ,1;(:03(:1:)

= —In(z)sin(z) + cos(z)
M A
FINAL ANSWER: | %Y — _ln(z)sin(z) + <)
dz .




&2 PRODUCT RULE

. DIFFICULTY: @ Hard a# 3.8

© QUESTION ® SOLUTION

Use the product rule to find the derivative of | (a) ¥ = e In(x)sin(z)
the function.
Let f(z) =e€*, ¢g(x) = In(x)sin(x)
(@) y = €*In(x)sin(zx)
fiiz) =<*, dlz)= %siu(:r:) + In(z) cos(z)

1
— f(@)g(x) = f(2)g'(x) + ['(@)g(x)
= 1% (l sin(x) + In(x) cos(:t?)) + e In(x) sin(x)
T
= e® (1 sin(z) + In(x) cos(z) + ln(s::)sin(;::))
=
- ( sin(x) : )
="g" + In(2) (sin(z) + cos(z))
x
- N
@ TIP FINAL ANSWER:
Product Rule: :
da » [ S :
fy= Selote). en P = o (2 4 ) o) + cost)
= J(@)e(x) = f(@)g'(@) + [l

\ Py

37



@, QUOTIENT RULE
dx

38

DIFFICULTY: @ Easy a# 3.9
© QUESTION @ SOLUTION
. . £ St 2z + 3
Use the quotient rule to find the derivative of (@ y= B i
each function. *
let flz)=22+3, glz)=z+1
2x + 3
— MY = 9) 1, =1
(a) vy =rw fllz)=2, g'(z)
dy _ f(z)g(z) — f(x)g'(2)
dx 9(z)?
_ 2}z + 1) — (2z + 3)(1)
B (;I.‘ -+ 1)2
_ 2w42-28-3
- By
s -1
(@ +1)?
FINAL ANSWER: | % — 1 _
dz (z + 1)=
.Tz 1l 2 — 1
(b) y= 1: (b) y="
let f(z)=2z2-1, g(z)==x
fl(z) =22, g'(z)=1
dy _ f(z)g(z) — f(z)g'(z)
2 N d g9(x)?
(2z)(x) — (= = 1)(1)
O 1 .
Quotient Rule: 2¢2 — (22 — 1)
fy= f(:r)’ then B z’
g(z) 2?41
dy (f(“’)) _ F@)g(=) - flx)g'(z) z?
dz \ g(z) g(x)? 2
. Y FINAL ANSWER: | % — Z *1
dx x?




2 f(z) QUOTIENT RULE

DIFFicULTY: @ Medum | a# 3,10
© QUESTION & soLuTION
Use the quotient rule to find the derivative of (a) y = In(z)
each function. sin(x)

In(x)

oY pe sin(x)

D 1r

Quotient Rule:

_ f(=)
Ify = o)’ then
dy (f(l")) - f'(x)g(z) = f(x)g' ()
dz \ g(x) [9(z))?
. P

Let f(z) = In(x),

f'(z)

dy_
d:z:_

FINAL ANSWER: | 9¥ _

39

g(x) = sin(z)

1

g'(x) = cos(x)

f'(x)g(z) — f(x)g'(x)
[9(x)]?

('j?) sin(z) — In(x) cos(x)

[sin()]?

— In(x) cos(z)

sin(x)
T

sin?(x)

sin(z) — z In(x) cos(x)

z sin?(z)

sin(x) — zIn(z) cos(z)

dx x sin® ()




@ % QUOTIENT RULE

dx

© QUESTION

Use the quotient rule to find the derivative of

the function.

e” sin(x)

(@ y = S

x

E
& 1P

Quotient Rule:

Ify = @, then

g(z)

dy L f'(x)g(x) — f(z)g'(x)
dz lg(z)]?

DIFFICULTY: @ Hard ot 3.11

& SOLUTION

e” sin(x)
2

(@) y=
I

Let f(z) = esin(z), g(z)= 22
f'(z) = (e sin(z))’
= (e”) sin(z) + ¢* (sin(z))’
= ¢” sin(z) + e” cos(z)

= €% (sin(z) + cos(z))

g'(z) = (z2) = 22

dy _ f'(®)g(z) - f(z)g'(z)

dx [9(x)]?

e” (sin(z) + cos(x))(z2) — (e* sin(x))(2x)

(z2)?

x?e” (sin(x) + cos(z)) — 2ze” sin(z)

x4

e” [2*(sin(z) + cos(z)) — 2z sin(z)]
4

T

FINAL ANSWER:
dy e [2%(sin(z) + cos(x)) — 2z sin(z)]
de ot
.
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1)) EXPONENTIAL FUNCTIONS Yy

© QUESTION

Find the derivative of each function.

(@) y=5"

(b) y=e€"

() y= (%)x

" )
TIP
% (a®) = a®In(a)

N o

a#: 3,12
& SOLUTION
(@) y=5"
dy v 1 J.
= 5%In(5)
(b) y=¢"
A _ A e
dz  dz
= e%In(e)
= 2¥ . ]
= e¥

FINAL ANSWERS:
(a) —:-:% = 5% In(5) (b) g% =\ eg¥ (c) -31 = (%)I ln(;
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DIFFICULTY: @ Easy Q #: 313

) CHAIN RULE

d
:i;f(m?

© QUESTION & SOLUTION

Use the chain rule to find the derivative of
Let f(u) = v’ and g(x) = 3z + 2

the function.

y = (3z +2)°

By the chain rule,

dy

» f'(g(x))g'(x)
= 53z +2)*-3
= 15(3z + 2)*
Ve A
Co Rl
Chain Rule:
d
— flg(z)) = f'(9(z))d'(x)
dx A kb FINAL ANSWER: gﬁ = 15(3z + 2)*
9 J

42




% f(x) CHAIN RULE DIFFICULTY: ¢ Medium o# 3.14
© QUESTION & SOLUTION
Use the chain rule to find the derivative of
i funation: Let f(u) = u'/? and g(z) =1-8z
y=YT-8z e L=
fiu) = 3
g(z) = -8
By the chain rule,
dy : ;
= T (9(x))g' (z)
= S (-8 (-9
s -2- (1—8z)"3
ey 8
e ¢ 3Y/(1 - 8z)2
O e
Chain Rule:
d ! !
= T(9(x)) = f'(g(=))g () dy 8
FINAL ANSWER: LT
I | dz 3/(1 — 8z)2
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CHAIN RULE

DIFFICULTY: @ Hard o# 3.15

© QUESTION & SOLUTION

Use the chain rule to find the derivative of : 0
Let f(u) = cosu and g(x) = z“€”

the function.

! e "o
gy = COS($2 61—) f(u) = — sinu

d 2
") = — (z°€* roduct rule
g'(x) dm( ) [product rule]

= 2xe* + x2e”

= & (2.’1: + :1:2)

By the chain rule,

dy

== = f'(g(z))g' ()
T
= — gin (1‘2 ex) . @ (2:1: + 1‘2)
= st BT 2_|_ P rr.'Za:
: ¥ e® (2 IC)blll(.I' e)
TIP = —€"z(z + 2)sin (z° &)
Chain Rule:
d
o z)) = f’ ‘(: 1
dz Iglz)) = Flg(=))g (=) FINAL ANSWER: ;_y = —¢e" 2o+ 2)sin (.1'2 e”)
T
o b

44




CHAIN RULE

DIFFICULTY: @ Hard a# 3.16

© QUESTION & SOLUTION

Use the chain rule to find the derivative of let f(u) =tanu and g(z) = In(z)sin(z)
the function.

2

Reminder: — tanu = sec”u
y = tan (In(x)sin(zx)) du
f'(u) = sec’u
g(z) = In(x)sin(z)
/ d .
gi(z) = o (In(x) sin(z)) [product rule]
iz

= (%) sin(z) + In(z) cos(x)

- Sald) + In(x) cos(z)

T

By the chain rule,

g _ a /
— ) 7. = [Flol=))g'(=)
_‘Q_ i
TIP = sec® (In(z)sin(z)) - (SIHJEI) T ]n(:r;)cos(:r))
Chain Rule:
d
= £ = f g dy
7 flg(x)) = f'(g9(x))g () Yy d_i = sec‘-? (In(z) sin(x))
e 4 (smi:ﬂ) + In(z) cos(x))
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IMPLICIT DIFFERENTIATION

DIFFICULTY: Easy | Q# 3.17

© QUESTION & SOLUTION
R e e . : =
Find s by implicit differentiation. a) Differentiate both sides with respect to .
T
d 9 d 9 d
— (x — (1 = — (25
a) £2+y2=25 ria:(T)+dJ:(y) d:;r:()
5 % G =
- yd:r; o
dy
2y — = =2
Y dx =
dy
i N
FINAL ANSWER: | & - _Z
dx Y
b) TY + Yy = 1 b) Differentiate both sides with respect to .
d d d
an (e Ay < £ 1
= (zy) + = (y) 3 (1)
dy dy
— — =0
fral;c =Y dx
dy
(z+1)=—=+3 =0
dzx
dy
) =2 = =
(z + 1) o y
) S
dz r+1
FINAL ANSWER: | & _ __¥
dx z+1

46



IMPLICIT DIFFERENTIATION

© QUESTION

di
Find —2 by implicit differentiation.
dzx
2 -
z° + In(zy) = 2z

d
Then, find £ avdie point (1, e).
dx

z@ TIP ‘\

When differentiating implicit equations:

® Use the Chain Rule for terms
containing y inside a function
(e.g- In(zy)).

e Treat y as a function of .

e Solve for Y before substituting

dx
the given point.

DIFFICULTY: @ Hard a# 3.18

& SOLUTION

Differentiate both sides with respect to z.

d 9 d d
£L = = — (2
= (%) + — [ln(ay)] = = (2)
1 d
2 — — = 2
v+ o ()
1 y
2 het =2
:c+$y(d )

® Multiply both sides by zy to clear the denominator.

d.
2x2y+xﬁ+y=2xy

® Solve for E’gi
dx
d

£ = 2zy — 2:1:23; -y

dI
dy  2zy — 2:{:2‘9 -y
dz T
d
—y = 2y = 25,‘”3,' = E
dx T
d
& = 2y — 2zy — 4
dzx T

® Evaluate at the point (1, €).

dy e
= = 2(e) — 2(1)(e) - -
5 P (e) = 2(1)(e) - 1
dy i3
= (1.::)_26_26_6
dy g
dz l(1,e)
'
FINAL dy
ANSWER: | g7 |, = ~°
| e
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LOGARITHMIC DIFFERENTIATION

— /() DIFFICULTY: @ Easy o 3.19
© QuEsTION @ soLution
- €T
3.19. Find SE by logarithmic differentiation. DEAB S T
£
Take natural logs of both sides.
Iy = n{z®) = zng
y = a°
Differentiate both sides with respect to z.
1 d d
e g = (zlnz)
y dzx dx
1 d 1
i l-lnz +2 - —
y dzx -
1d
s b = iy + 1
y dx
dy
Solve for =
dy
— = y(hz+1
-, = y(nz+1)
Substitute y = z”.
TIP N
I " dy :
To use logarithmic differentiation: = = T (]nx + 1)
dz
e Take natural logs of both sides.
e Differentiate both sides implicitly
with respect to x. FINAL ANSWER_
e Solve for d—y
dx d‘y
T
e J — =z (mnz+1
T ( )
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1C1

SECTION 4

DERIVATIVE
APPLICATIONS

ooooooooooooooo




© QuEsTION

DIFFICULTY: @ Easy

@ soLuTioN

o#: 4.1

4.1. Find the critical points of each function.

Give your answers in exact form.

a) flz)=2*-4z+1

b) g(z)=2z°-3z

Q@ \

Ciritical points occur where:
o f'(z)=0 (stationary points)
® f['(x) is undefined (e.g, cusps, vertical

tangents)

Check both conditions.

L "y

a) flx)=22—-4dz+1

fl(z) =2z —4

Set f'(z) =0

2r—4=10 == 1 ip="

Point on curve: f(2) =22 —4(2)+1= -3

Final answer:
The critical point is (2, —3).

b) gz)=2*-3

g (z) =32*-3

Set g'(z)=0:

322-3=0 = 2*=1 = z=-1,1

Points on curve; _'2 _'1

g-1) = (-1 -3(-1) =2 = (-1,2)

g)=(1)°-31)=-2 = (1,-2)
Final answer:
The critical points are (—1, 2)

and (1, —2).
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;& CRITICAL POINTS

DIFFICULTY: © Medium | Q# 4.2

© QuESTION & soLution

4.2. Find the critical points of the function. f(!l?) = ln(:EZ 1+ 47 + 14)
Give your answers in exact form.
1 2r + 4
(g) = . (21 + 4) =

fol= o Yo

f(z) = In(z* + 4z + 14) Set f'(z) =
2z +4
T =0 O =0 3 o=

Check for undefined points:

P +4z+14=(z+2?+10>0 foral z€R
So there are no values where f'(z) is undefined.

Therefore, the only critical point occurs at z = —2.

Point on curve;
@ TIP -

1. Find f'(z) and set equal to 0. f(—2) = 1]1]((—2)2 5 4(—2) + 14) = 1!1(10)
2. Check where f'(z) is undefined.

3. Evaluate f(z) at critical z-values. p i e
3 3 Final answer: The critical point is (—2, In 10).
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‘ 5 MAXIMA & MINIMA AN B ot 43
© QUESTION @ soLuTION
4.3. Find the local maxima and local minima of | @) f(x) = —2% + 4z + 1 Ej\
each function. Give the coordinates of any ¥ % 6+ ’
extrema. Sketch the graph. f (J;) = =Zr i é 2,5)
Set fl(z)=0

a) f(a)=-2*+4z+1

b) g(z)=2°-3=x

r. TIP \

. Find f'(x) and set equal w0 0.

2. Use f"(x) to determine whether each

critical point is a maximum or minimum.

3. Evaluate f(z) at each cridcal point

-2z+4=0 = z=2

f(z) = -2<0, so f has a local
maximum at z = 2.
f(2)=-(2°%+4(2)+1=5

Local maximum: (2, 5)

No local minimum. 1+

b) g(z)=2*-3x

9'(z)
Set g'(z) =0:

=322 -3

3z22-3=0 = zX=1

g"(z) = bz
Atz=-1: ¢g"(-1)=-6<0, so g has

=2 z=-1,1

-1,2
(=420

a local maximum. : :

(-1)?-3(-1) =2

=¥ 42
g(-1) =
9"(1)=6 >0, so g has

At r=1:
a local minimum.

9(1) = (1)° - 3(1) = ~2

Local maximum: (-1, 2)

Local minimum: (1, —2)
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DIFFICULTY: @ Medum | Q#: 4.4

;}i MAXIMA & MINIMA

© QUESTION & SOLUTION

Given f(z) = 2* — 3z +2 on [-2, 3.

4.4, Find the absolute maxima and absolute
minima, as well as the local maxima and

"2)=322-3=3(z*-1)=3(z-1 1
local minima, of the function on the f (x) & . 3($ ) 3($ )(:U - )

closed interval [—2, 3] Set fr(:r) = 0:
Give the coordinates of all extrema (z=1)(z+1)=0 = z=-1,1
and sketch the graph.
() = 62
At z = -1: At z=1:
f(z) =2° -3z +2 £ T
ff(-1)=-6<0 Ff1)=6>0
= local maximum = local minimum
Evaluate f(z) at critical points and endpoints: y
A
2 [ -1 | 1 3 L
3,20
f(z) 0 4 0 20 20 4+ ( )
From the table and second derivative test: 15 1

¢ Local maximum at (—1, 4) i

TIP % e Local minimum at (1, 0)

Absolute minimum at (-2, 0) (=1, 4) 5 -

1. Find f'(x) and set equal to 0.
) - : Absolute maximum at (3, 20)
2. Use f"(x) to classify critical points )

as local maxima or minima. p -2 -1 0 ba:
3. Evaluate f(z) at all critical points Absolute maximum: (3, 20) 4 (-2,0) 51
and at the endpoints of the interval. Absolute minimum: (-2, 0)
4. Compare values to determine absolute Local maximum: (-1, 4)
(max/min) and local (max/min). Local minimum: (1, 0)
\ 24 " J
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lr\ | MEAN VALUE THEOREM

€ QUESTION

4.5. Let f(z) = 23 + 222 — z.

Verify that f satisfies the Mean Value
Theorem on [—1,2].

Then find the value(s) of ¢ in (—1,2)

that are guaranteed by the theorem.

,@ TIP .

To apply the Mean Value Theorem:
1. Check that f is continuous on [a, b

and differentiable on (a,b).

2. Compute the average rate of change:
1)~ 1@
b—a
3 St o). SRS NG
b—a

for ¢ in (a,b).

& SOLUTION

DIFFICULTY: Medium

o#: 4.5

Let f(z) = 2% 4+ 222 — = and [a,b] = [-1,2].

3

Check the conditions.

f(z) is a polymonial, so it is continuous on [—1, 2]

and differentiable on (—1,2).

Therefore, the Mean Value Theorem applies.

Compute the average rate of change on [-1,2].

F=1) = (-1)° +2(-1)* - (-1) = 2

f(2) =28 4+2(22%2-2=14

fi@2)— f(=1) 14-2
g=(=1) =~ 8

Find ¢ such that f'(c) = 4.

fl(x) = 322 +4z -1

12

3

4

Set 3z2+4rx—1=4 = 3z2°24+4z-5=0

Use the quadratic formula z =

—b + Vb? — dac
2a

with a= 3, b=4, ¢ = =5:

-4+ V4?2 —4(3)(-5) -4 V16+60 -4 76

2(3)
—44+2/19 -2+ /19
= 6 E 3

Since ¢ € (—1,2), the only valid value is ¢ =

6

6

-2+ V19

3

~ —2.12 is not in (—1, 2)).

—2 — /19
(the other root T\/_
Answer: The value guaranteed by the Mean Value
-2 4+ /19
Theorem is ¢ = +
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L'HOPITAL'S RULE

© QUESTION

DIFFICULTY: @ Easy a#: 4.6

& SOLUTION

4.6. Evaluate each limit using L'Héopital’s
Rule.

. sinz
1. lim —
z—=0 T

. Ine
3 lhim ==
rz—=00 T

TIP "

L'Hépital's Rule applies when:

e lim f(z) = 0 and lim g(z) = 0,
r—ra r—ra
or

e lim [f(z)| = oo and lim |g(z)| = oo.
T—ra T—a

If those forms occur, then

b _ . 560

lim =
z=a g(z)  z-a g'(2)
provided the limit on the right exists
(or is %o00).
\. J

. gihx
1. lim —
z—=0 T
Asz = 0, sinz = 0 and z — 0, so the form is 0/0.

Apply L'Hépital's Rule:

. sinzx . COo8Z
lim = lim = cos0 =1
=0 €T x—0
{ Answer: 1 ]
o zr-1
2. lim
z—1 T—1

Asz —+1,22—1 = 0and z — 1 — 0, so the form is 0/0.

Apply L'Hépital's Rule:

z2 -1 . 2z
lim = lim — = 2(1) =2
z=1 z—1 a1 1
[ Answer: 2 ]
Inz
3. lim —
=00 T

As z = 00, Inz = oo and £ — 00, so the form is 0o/00.

Apply L'Hépital’s Rule:

~ Inz ) 1/e il
lim — = lim — = lim — =0
o0 I z—o00 1 T—=oo T

[ Answer: 0 J
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© QUESTION

L'HOPITAL'S RULE

DIFFICULTY: ©  Medium Q#: 4.7

& SOLUTION

4.7. Evaluate each limit using L'Hopital’s

Rule.
In(l1+2z) -2
1. lm ——
=0 I
2z
2. lim
z—=o0 VI +1

. m(l+2)-2
z—0 x

Asz = 0, In(142z) —2z = 0 and 2% = 0, so the form is 0/0.
Apply L'Hopital's Rule.

1
; In(1+2) -z 1s
lim —— =1
x—0 z2 x—0 2z
Asz — 0, 7 —1 — 0 and 2z — 0, so the form is 0/0.
T

Apply L'Hépital’s Rule again.

1 1 1

. _ (1+z)? 1

b =% — i W o - &

x—0 2r z—0 2 2
Answer: — >
nswer: 3

2z
2. Lim

z—o0 vz +1

As z — oo, 2z — co and vz + 1 — oo, so the form is co/c0.
Apply L'Hépital’s Rule.

2z 2
lim = lim = lim 4vz+1
z—o0 Jr+1 00 1 00
2vz+1

Asz —» 00, 4vVz+ 1 - 00 and 1 — 1, so the form is oo/1.

2z
Therefore, lim =2 a 00

z—o0 r+1 1

[ Answer: oo ]
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1C1

SECTION 5

INTEGRALS
AND APPLICATIONS

Build a foundation on integrals




f INDEFINITE INTEGRALS

© QUESTION

DIFFICULTY: @ Easy

& SOLUTION

Q #:

5.1

5.1. Evaluate each indefinite integral.

i [P ]mz dx

2 /cosx dx

3 /ez dz

/9 TIP

Integrals are the opposite

of differentiation.

If %[F(I)] = f(z), then

/f(;t) dz = F(z) + C,

where C' is an arbitrary constant.

A /:52 dzx

Using the power rule in reverse:

2. fcosa: dx

Using the basic integral:

fcos:n dz = sinz + C

[ Answer: sinz + C ]

3. /em dz

Using the basic integral:

/ezd:a:‘:ez-t-C

[ Answer: e + C ]
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f INDEFlNITE INTEGRAI—S DIFFICULTY: @ Easy Q# 5.2

€ QUESTION & SOLUTION

5.2. Evaluate each indefinite integral. i / 322 dx

i / 322 dx Using the power rule for integration:

3
f3x2d:r=3/:c2da:=3-%+6=:c3+c

[ Answer: z2 4+ C }

2 /(53: + 4) dz 2 /(5&: + 4) dz

Integrate term by term:

/(53:+4)d3:= /53:d:r+/4dx

[ -
:a;: + 4z + C

g f($3—2x+1)dx
2
{Answer: 5% +4:.:+CJ

3. /($3—2$+1) dz
/@ TI P . Integrate term by term:

Integral Power Rule . .
-/(:U‘ -2z 4+ 1)dz = [x d.’c—f?xdx+/ldx
For any n # —1,
pnt1 .4
/IndeJ: = = —2rz+C
n+1 4
. : 2 4
This rule is used to integrate Afeuaty &5 - i G
polynomial terms. 4
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DIFFICULTY: ¢ Medium Q#: 5.3

f INDEFINITE INTEGRALS

© QUESTION & SOLUTION

1
5.3. Evaluate each indefinite integral. P / (\/E + 2z — —) dz
Ve
1 / (\/:E -2 — ———-1 dz Rewrite using exponents: f(xl‘/z + 2z — :1:_1/2) dz

Integrate term by term:

/.:rug dz + /2.1: dr — fx_1/2 dz

= %:1:3/2 + 22 - 222 + C

2
‘ Answer: gxs,rz + g2 = 2z12% 4 C J

2, /(m‘2 + 32712 — 4) da
2 ‘/(x‘2 + 3272 - 4) dz

Integrate term by term:

/9:'2 dr + /3:.:_1]2 dr — /4d$

= —z71 4+ 3.2:2 _ 4z 4 C

= —%+6x/5—43:+0

‘ Answer: —%+6ﬁ—4x+0}

3. /(sin:z: + 3cosT — :1:) dx 3. /(Siﬂ-’ﬂ + 3cosz — m) dax

Integrate term by term:

/sin;rdx + /30053:(13:— /xdw

1
= rcosz+35inm—§m2+0

1
[ Answer:. —cosz + 3 sinz — Exz +CJ
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f DEFINITE INTEGRALS Yepes ‘ 0ot 5.4

€ QUESTION

5.4. Evaluate each definite integral.

2
ik /(3m+1)dx
0

1
2. / z? dzx
=1

m/2

a
3 / cos x dz
0

,@ TIP

To evaluate a definite integral:

f f(z) dz = F(b) - F(a)

where F(z) is any antiderivative of f(z).
N

@ SOLUTION

5

59

2
1. / (3z + 1) dzx
0

Antiderivative: F'(z) = %3:2 +z

F2) - F(0) = (3(2)2 + 2) - (2(0)2 + 0)

—(6+2) - (0) =8

{Answer: SJ
1

/ 22 dz

=

Antiderivative: F'(z) =

[

T

3

F(1) - F(-1) = (13_3) = ((—31)3)
(

2
Answer: -
i S
ﬂ/Q
/ cos T dzx
0

Antiderivative: F'(z) = sinx

F(%) — F(0) = sin (g) — sin(0)

=il=0=1

[ Answer: 1 J




Q#: 9.5

DIFFICULTY: © Medium

f DEFINITE INTEGRALS

© QUESTION ® SOLUTION

1
5.5. Evaluate each definite integral. 1. / (e* — 2°) dz
0

3:4

1
9 / (e* — 3‘:3) dz Antiderivative: F(z) = e* — T
0

Evaluate: F(1) — F(0) = (e - %) - (1-0)

5
— e - =
4
)
[ Answer: e — — ]
4
w /2
w/2 2. / (sinz + cosz) dx
2. f (sinz + cosz) dx 0
0
Antiderivative: F(z) = —cosz + sinz

Evaluate: F(g) - F(0) = (—cosg —I—sin%) ~ (—cos0 + sin0)

[ Answer: 2 ]
2
3 / (l - 33:2) de
2) dx 1 E

Antiderivative: F(z) = In |z| — 2*

=04+1)-(-14+0) =2

Evaluate: F(2) — F(1) = (In2 — 8) — (In1 - 1)

=(In2-8-(0-1)=mh2-7

[ Answer: In2 -7 ]
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f U SUBSTITUTION

© QUESTION

5.6. Evaluate each integral using # substitution.

| /2::;(:1:2 + 1)3 dz

2. /3(3;1: —2)? dz

3. /5:.:(:32 + 4) dz

Q) .

Steps for u substitution:

1. Choose # as the inner function.

Find du by differentiating .

Solve for du and substitute into the integral.
Rewrite the integral in terms of .
Integrate with respect o u.

Substitute back for u.

Add + C.

SHNON - T T B

DIFFICULTY: @ Easy Q #;

® SOLUTION

3.6

A /23;(:.:2 + 1) dz
Let u =22 + 1

du = 2z dx
u
/2x($2+1)3dm:/u3du=?+c

2 4
1
Substitute back: —(3: : ) + C

(z? + 1)4

Answer: + C

2. /3(33: —2)? da

Let u = 3z — 2

du=3d:1:=>da:=d?u

d
]3(3$—2)2d$=/3u2--3—u=[u2du=

(3'.1’,' = 2]3

Substitute back: 3

3z — 2)°
CREN . o

[ Answer:

3. /53:(.1:2 + 4) dzx
Let u = 22 + 4

du

du = 2z der = zde = —

. d
me(m2+4)dx=/5'?u=

(z2 +4)2 + C

ba | en

W | en

Substitute back:

[ﬁnswer: % (22 + 4)% + CJ
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f U SUBSTITUTION

© QUESTION

5.7. Evaluate each integral using u substitution.

/ln—xda:

2, /sin:r: cosz dzx

* /tanx sec’z dz

DIFFICULTY:

Q#:

Medium

& SOLUTION

5.7

Q)

For u substitution:
Choose % as the inner function.

Find du by differentiating u.

Rewrite the integral in terms of .
Integrate with respect to .
Substitute back for .

Add + C.

el U L e B

Solve for du and substitute into the integral.

1
/E 4
Let u

= Inz
1

=—da:=>da:=:cdu

Inz u u?
—d:r:z — (zdu) = udu = — +C
T 2

Substitute back:

(In z)?
2

(In
Answer:

B o CJ

2 / sinz cosx dx

Let u = sinzx

du = cosz dx

/sin:z:cosa: dx

—/ du = 7y C
udu 5

sin? z
Substitute back: 3 + C
sin®
Answer: 7 + C

3. /tan:.-: sec’ z dx

Let u = tanzx

du = sec®z dz

[ tanz sec® z dzx

=

2
/IE'U. 2

t;an2 T
Substitute back: 5 + C
2
tan® x
{ Answer: 5 + C ]
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DIFFICULTY: @ Hard o# 5.8

j‘ U SUBSTITUTION

© QUESTION & SOLUTION

5.8. Evaluate the integral using # substitution. Evaluate f 3t~ (2 + 4!_3)—7 dt using # substitution.
fSt“‘ (2+473)  dt Step1: Letu = 2 + 4¢3
-4 ~4 1
du = =12t df = ¢ dt:+ﬁ du

Step 2: Substitute into the integral.

-7

f3r‘" (2 + 4t7%)  dt
= f3u‘7 (¢ dt)

fur ()

Step 3: Integrate with respect to u.

1 s 1
—E/1£7du=—1‘u—+c

Step 4: Substitute back for u.

|| S 1 _3\—6
P = = (24 4= C
agg @ 2 2+ y %

1 —6
. = o -3
Answer: 55 (2 + 4t ) +C
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f INTEGRATION BY PARTS 'Yy ‘ Q# 5.9

© QUESTION & SOLUTION

5.9. Evaluate the integrals using integration (@) Let u = ¢z dv = e dz

by parts.

x

du = dz v = €
(a) /:re o /:se”dx = ge” —/e” dz

2 x =z
(b) /ln(:r}d:v =G = et e
1

[ Answer: ze® — e® + C ]

r' ™
o TP () Let u = In(z) dv = dz

Integration by Parts Formula:

fudv:uv—fvdu

du=ld:13 T
T

/ln(a:) dz = [mln (z) — :1:]

/'2“1(3:) dz = [xln(a:) - a:]lz
= (2ln2-2)-(1lnl1-1)

= (2In2-2) - (0 -1)

= 2n2-2+4+1
= 2ln2 — 1
Answer: 2ln2 -1
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DIFFICULTY: © Medium | Q#: 5.10

f INTEGRATION BY PARTS

© QUESTION & SOLUTION

5.10. Evaluate the integrals using integration (@) Let u=eg dv = e*“ dz

b 3 :
FARLZS du = dz p = Ee :

(a) -/.’r{i"d-?r' [$€2xt£$:$(
(b) -/‘:t:2 e* dx &t

ro| R

b | B

{ Answer: =% (2 1} #C

(b) Let u = z° dv = €* dz

du = 2z dz v = €
f:.*:zeJr dz = z°%e® — /2:1: e’ dx

Lee T = /23: e’ dz
Let 2 = 2z dv = €° dz
du = 2dz v = €
I = 2z €& — f?e“’ dz
= 2ze* -2 +C
/wzc“’da:=mzc"—(Qa:e“’—Qe’)JrC
=z’ -2z +2e +C

= ¢&* (:3:2 = 2z 4+ 2) + C

{ Answer: e (2> -22+2)+C J
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f INTEGRATION BY PARTS DIFFICULTY: @ Hard

@ QUESTION

2.11.

Evaluate the integral using

integration by parts.

I
4 .
xsin 2z dzx
0

a# 5.11

& SOLUTION

Let u = 2 dv = sin2z dzx
1
du = dx Y = = cos 2
D o T gl g
rsin2xdx = | — = x cos2zx - ——=cos2z | dz
0 | 2 0 0 2
Tl N
= | —= z cos 2z + — cos 2z dx
2 lo 2 Jo
1 - w/4 171 ; J /4
= | —= x cos 2z + — | = sin2z
2 40 2 0
= 1 : ]11'/4 . 1 g1 ]n',f-l
= == T CO0S8S AT = S111 270
= 2 0 4 L 1]
Evaluate the bounds:
/4
1 1 [« s 1
[—510052:4*:]0 = —E(zcoag)—(—a({))coﬂl)
=0-0=0
b s B T B TR 1 1
- | sin2z = = |sin=-sin0} =-=(1-0) = =
4 . 1 4 4
Hence,

| =
M—




f AREA BETWEEN CURVES e Iy S 7

© QUESTION & SOLUTION

B12. Find the arcaiof the saied Esundal Step 1: Find the points of intersection.

V=2 = z'?2=22 = z'=12

sx=d)=0 = z=9,1
On [0, 1], vz > z°.
Step 2: Set up the integral for the area.

A= fl(\/E—:vQ)dx

0

by y = v/z and y = z? from

z=0tox = 1.

Step 3: Evaluate the integral.
1
A= / (\/E - .'1:2) dx
0

, \ [
I R [
O T = [3= -3,
2 1
If f(z) > g(z) on [a, b], then = (§ - 5) - (0 - 0)
the area between y = f(x) o
bt

(top curve) and y = g(z)
(bottom curve) from z = a

tox = bis

f G = o)l

0 1

The shaded region is the area between y = /z
(top) and y = z* (bottom) from z = 0 to z = 1.

1
Answer: —
3
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f AREA BETWEEN CURVES e Iy X T

© QUESTION & soLuTION

513 Find the area of the region bounded Step 1:  Sct up the integral for the arca.
1, The line: =z-1 = =y+1
b = —y*=3andy=zx-1 ' o &
v T 5 Y and y =1z :
['he parabola: = 5 y2 -3 (already in terms of y)

fromy=-2toy = 4.

On [—2, 4], the line is to the right of the parabola.
Thus,

A = f; [Zrigne () — Tren(¥)] dy
Lloeo-Gr-o)o
Lo

g TlP Step 2: Evaluate the integral.

When the region is described e [ [

1F ]4
- - + 4
gt * gy ¥,

with respect to y (i.e., from

y=cwoy=d) wie o GHUREORT0) I CHEAR Ry

z in terms of y for each

64 8
curve. = V==y 84861 - B 58
(-5 +erw) - (§+2-9)

If Zigne(y) = Zien(y) on =~ % 5 (_?) 3 % = i8
¢, d], then the area is
d
f [xright(y) ~ $1eﬂ(y)] dy.
{ Answer: 18 ]
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